HNN extensions of inverse semigroups, where the associated inverse subsemigroups are order ideals of the base, are defined by means of a construction based upon the isomorphism between the categories of inverse semigroups and inductive groupoids. The resulting HNN extension may conveniently be described by an inverse semigroup presentation, and we determine when an HNN extension with finitely generated or finitely presented base is again finitely generated or finitely presented. Our main results depend upon properties of the J -preorder in the associated subsemigroups. Let S be a finitely generated inverse semigroup and let U, V be inverse subsemigroups of S, isomorphic via ϕ : U → V , that are order ideals in S. We prove that the HNN extension S * U,ϕ is finitely generated if and only if U is finitely J -dominated. If S is finitely presented, we give a necessary and suffcient condition for S * U,ϕ to be finitely presented. Here, in contrast to the theory of HNN extensions of groups, it is not necessary that U be finitely generated. 
Introduction
Let S be an inverse semigroup and U, V inverse subsemigroups of S, isomorphic via ϕ : U → V , that are order ideals in S. The HNN extension S * U,ϕ with base S and associated subsemigroups U, V is constructed in [1] using the isomorphism between the categories of inverse semigroups and inductive groupoids. The idea of investigating inverse semigroup amalgams by this means is due to Nambooripad and Pastijn [9] and was further exploited by Haataja, Margolis, and Meakin [2] to describe the maximal subgroups of an inverse semigroup amalgam. Similar results for HNN extensions were obtained in [1] . In the present paper we continue the structural investigation of HNN extensions and consider finite generation and finite presentability. We require only limited use of groupoid methods, and our approach is based upon the definition of the HNN extension of [1] by means of an inverse semigroup presentation. An HNN extension of groups A * C,ϕ is finitely generated if the base group A is finitely generated, and is finitely presented if A is finitely presented and in addition, C is finitely generated. For inverse semigroups the situation is more delicate, because our definition of an HNN extension S * U,ϕ introduces a stable letter t e for each idempotent e ∈ E(U ). The key to understanding the finite generation and finite presentability of S * U,ϕ proves to be the Jpreorder on the idempotents of U , where J is the Green relation determined by two-sided ideals. We say that a subset F ⊆ E(U ) is J -dominant if, for each e ∈ E(U ), there exists f ∈ F with e J f . It turns out that a generating set for S and a stable letter t f for each f ∈ F suffice to generate the HNN extension S * U,ϕ . Hence if S is finitely generated and U has a finite J -dominant set of idempotents -we say that U is finitely J -dominatedthen S * U,ϕ is finitely generated. We show in Theorem A that the converse is also true:
Theorem A. Let S be a finitely generated inverse semigroup and let U, V be inverse subsemigroups of S, isomorphic via ϕ : U → V , that are order ideals in S. Then the HNN extension S * U,ϕ is finitely generated if and only if U is finitely J -dominated.
For finite presentability, the theory departs from the known results for groups. The notion of a J -dominant set is again crucial. It controls a reduction of the generating set, determines the finite generation condition required on the associated subsemigroup, and is involved in the technique of embedding an HNN extension into an amalgam of inverse semigroups, where we follow Yamamura, [10] Theorem 12. Our main result is:
Theorem B. Let S be a finitely presented inverse semigroup and let U, V be inverse subsemigroups of S, isomorphic via ϕ : U → V , that are order ideals in S. Then the HNN extension S * U,ϕ is finitely presented if and only if U is finitely J -dominated by some subset F ⊆ E(U ) such that the inverse subsemigroup U F = {u ∈ U : there exist e, f ∈ F such that uu −1 e and u −1 u f } is finitely generated.
We note that it is not necessary that U itself be finitely generated, and we construct an example of a finitely presented HNN extension S * U,ϕ with S finitely presented but with U not finitely generated.
HNN extensions for inverse semigroups
Let S be an inverse semigroup. We denote by E(S) the set of all idempotents of S. In what follows two binary relations defined on S will play a major role. The first of them is the natural partial order defined by
It is well known that E(S) forms a semilattice with respect to (the restriction of) . A subset U ⊆ S is called an order ideal if u ∈ U , s ∈ S and s u imply s ∈ U . The second important relation is J preorder, defined by
A set F ⊆ E(S) is said to J -dominate S if for every s ∈ S there exists f ∈ F such that s J f . Let U be an inverse subsemigroup of S. Then for any F ⊆ E(U ) we let
this is easily seen to be an inverse subsemigroup of S. For more background information on inverse semigroups, including the definition of Green's relations R, L, H, D, J and a proof of the equivalence of the two conditions in (1), see [7] .
We define an HNN extension of an inverse semigroup by means of a presentation. Let S be an inverse semigroup presented by S = Inv[X : R] and U, V inverse subsemigroups of S, isomorphic via ϕ : U → V , that are order ideals in S. The HNN extension S * U,ϕ of S with associated subsemigroups U and V is the inverse semigroup presented by
The generators t e , e ∈ E(U ) are called stable letters. Throughout the paper we use the following notations. For a subset L ⊆ E(U ) we let
e t f = (ef )ϕ : e, f ∈ L} and for brevity we denote T E(U ) by T . For a subset L ⊆ E(U ) and a subset K of U we let
and for brevity we denote W E(U ),U by W . For future use we prove some further consequences of the definining relations (2):
(b) Let e, f ∈ E(U ) and u ∈ U with uu −1 e and u −1 u f . Then the relation t −1 e ut f = uϕ holds in S * U,ϕ , and so
(c) Fix a subset F ⊆ E(U ) and suppose that U F is generated by a subset Y ⊆ U F . Then for all u ∈ U F with uu −1 e and u −1 u f, e, f ∈ F , the relation t −1 e ut f = uϕ is a consequence of the relations in
Therefore all relations W hold in S * U,ϕ . Since, in addition, W contains all the relations t −1 uu −1 ut u −1 u = uϕ, (u ∈ U ) from presentation 2 it follows that S * U,ϕ = Inv[X ∪ {t e : e ∈ E(U )} : R, T, W ]. (c) We proceed by induction on the number of elements of Y required to express u ∈ U as a product. The base case is dealt with by the relations with y ∈ Y . Let u = u 1 u 2 , with u 1 , u 2 ∈ U F and assume that u 1 u
for some i, j, g, h ∈ F . Then u 1 = iu 1 g and u 2 = hu 2 j hold as a consequence of R, and hence
The above definition of S * U,ϕ is derived from the theory of inductive groupoids. The Ehresmann-Schein-Nambooripad Theorem (see [7] , Theorem 4.1.8) establishes an isomorphism between the category of inverse semigroups and the category of inductive groupoids. There is a natural description of HNN extensions for groupoids, which prompts the definition of an HNN extension of inverse semigroups as follows. Regard S, U, V as inductive groupoids and form their groupoid HNN extension. As long as this is again inductive, it corresponds under the Ehresmann-Schein-Nambooripad isomorphism to an inverse semigroup, which we take as the required HNN extension S * U,ϕ . The main result of [1] establishes this necessary technical step. There are two important consequences of the groupoid construction. Firstly, the formation of an HNN extension creates no new idempotents. This may be deduced from Proposition 1.4 below. Secondly, S always embeds into S * U,ϕ : see [1] , Corollary 2.5. It follows that E(S * U,ϕ ) = E(S). Yamamura [10, 11] has an alternative construction of an HNN extension of inverse semigroups, which we shall always refer to as a Yamamura HNN extension. Given an inverse semigroup S with isomorphic subsemigroups U and V , an isomorphism ϕ : U → V , and idempotents e, f ∈ E(S) such that e ∈ U ⊆ eSe and f ∈ V ⊆ f Sf (note that this makes U and V into submonoids of S), the Yamamura HNN extension S * is defined by the presentation
In the case of a locally full HNN extension [11] , where E(U ) = E(eSe) = eE(S) and E(V ) = E(f Sf ) = f E(S), the Yamamura HNN extension and the HNN extension defined here are the same, see [1] . S * possesses the strong HNN property, which means that t −1 St ∩ S = t −1 U t = V , see [10] , Theorem 12, and further investigation into the structure of S * can be found in [6, 10, 11] . The Yamamura HNN extension S * can be formed without any need for U and V to be order ideals in S. However, U and V have unique maximal idempotents e, f respectively, whereas our construction can accommodate associated subsemigroups with many maximal idempotents. We shall use the Yamamura construction in our proof of Theorem B below, and our Lemmas 1.2 and 1.3 are variants of Lemmas 2.6 and 2.8 of [11] .
A product s 1 s 2 . . . s n of elements of S is a trace product if for i = 1, . . . , n − 1 we have s
. It is easy to rewrite a product a 1 a 2 as a trace product in S, since a 1 a 2 = (a 1 a
Hence we have a 1 a 2 equal in S to the trace product b 1 b 2 and with
An easy induction now establishes the following:
. . a n of elements of S is equal to a trace product
We note that a trace product is an allowable composition in the groupoid G(S) assigned to S by the Ehresmann-Schein-Nambooripad Theorem.
In the HNN extension S * U,ϕ , we shall consider products that are words on the alphabet S ∪{t e : e ∈ E(U )}: for such words, we can form trace products that preserve the structure of the word. Combining Lemma 1.2 with Proposition 1.1(a) we obtain the following:
, where ε i = ±1 for 1 i n and s i ∈ S for 1 i n + 1 is equal to a trace product r 1 t ε 1 e 1 r 2 t ε 2 e 2 · · · r n t εn en r n+1 where e i f i for 1 i n and r i s i , r i ∈ S for 1 i n + 1.
Let u ∈ U . A trace product that is either of the form t
in S * U,ϕ , is called a pinch. Generalising Britton's Lemma for group HNN extensions we have the following result, proved by Higgins in [5] for the special case of the fundamental groupoid of a graph of groups. It was generalised to groupoid HNN extensions by Moore [8] .
We regard the inverse semigroup S * U,ϕ as an inductive groupoid, and apply Moore's version.
e 1 s 2 t ε 2 e 2 · · · s n t εn en s n+1 be a trace product in S * U,ϕ , with n > 0. If h is an idempotent then it contains a pinch.
Finite generation and presentation
In this section we prove our two main theorems. A natural case with which to start when considering finite generation and presentation of an HNN extension S * U,ϕ , is when the associated subsemigroups are monoids. Then U is locally full and hence, as mentioned in Section 1, the Yamamura HNN extension and the HNN extension S * U,ϕ coincide, and it follows immediately that the HNN extension S * U,ϕ is finitely generated if S is finitely generated. As far as finite presentability is concerned we first verify that a direct analogue of the group finite presentability result can be formulated for the Yamamura HNN extension and as an immediate consequence we get a necessary and sufficient condition on when the HNN extension S * U,ϕ , where U is an inverse submonoid of S is finitely presented. Proposition 2.1 Let S be a finitely presented inverse semigroup and let U, V be inverse submonoids of S, isomorphic via ϕ : U → V . Then the Yamamura HNN extension S * is finitely presented if and only if U is finitely generated.
Proof. Let 1 U , 1 V denote the identity elements of U and V respectively and assume that the Yamamura HNN extension
is finitely presented. Since S is finitely presented, it follows that S * can be defined by a finite subpresentation of 3. In other words there exists a finite subset Y of U such that S * is presented by
Without loss of generality it can be assumed that 1 U ∈ Y . Let U 0 denote the inverse subsemigroup of U generated by Y . It is clear that for all u ∈ U 0 , the relation t −1 ut = uϕ follows from the relations of the form t −1 yt = yϕ, y ∈ Y . Hence the semigroup presented by (4) is the Yamamura HNN extension of S associated withφ : U 0 → U 0 ϕ. Since the class of inverse semigroups has the strong HNN property by [10] Theorem 12, it follows that
Assume that U is not finitely generated and let u ∈ U \U 0 . Then t −1 ut = uϕ holds in S * by (3), hence by (5) there exists u 0 ∈ U 0 such that uϕ = u 0 ϕ, from which the contradiction u = u 0 follows. Thus U is indeed finitely generated.
For the converse, it is immediate that if U is generated by a finite set Y , then
Corollary 2.2 Let S be a finitely presented inverse semigroup and let U, V be inverse submonoids of S, isomorphic via ϕ : U → V , that are order ideals in S. Then the HNN extension S * U,ϕ is finitely presented if and only if U is finitely generated.
Next we consider finite generation and presentation without assuming that the associated subsemigroups are monoids.
Theorem A Let S be a finitely generated inverse semigroup and let U, V be inverse subsemigroups of S, isomorphic via ϕ : U → V , that are order ideals in S. Then the HNN extension S * U,ϕ is finitely generated if and only if U is finitely J -dominated.
Proof. Suppose that S is finitely generated by X and that S * U,ϕ is finitely generated. Then there exists a finite subset F ⊆ E(U ), such that S * U,ϕ is generated by X ∪ {t f : f ∈ F }, and hence by S ∪ {t f : f ∈ F }. Let e ∈ E(U ) \ F . Then in the HNN extension S * U,ϕ , the stable letter t e is equal to some word w = s 1 t
where for each i , (1 i n), e i f i and r i s i for each i , (1 i n + 1). By application of W U -relations we may assume that w contains no pinch. It is possible that w is the trace product t e , in which case e f for some
so that t e is expressible as a word on the generators X ∪ {t f : f ∈ F }, and S * U,ϕ is finitely generated.
Before we prove our second main theorem, we give an isomorphic presentation for the HNN extension S * U,ϕ .
Proposition 2.3 Let S = Inv[X :
R] be an inverse semigroup and let U, V be inverse subsemigroups of S, isomorphic via ϕ : U → V , that are order ideals in S. Let F be any J -dominant subset of U . Then
Proof. Let X F = X ∪ {t e : e ∈ F } and H F = Inv[X F : R, T F , W F,U F ]. By Lemma 1.1 (b), S * U,ϕ = Inv[X ∪ {t e : e ∈ E(U )} : R, T, W ]. We show that S * U,ϕ and H F are isomorphic inverse semigroups by giving two inverse semigroup homomorphism η : H F → S * U,ϕ and ξ : S * U,ϕ → H F that are inverse to each other. Since T F ⊆ T and W F,U F ⊆ W , we clearly have that the identity map on X F induces an inverse semigroup homomorphism η : H F → S * U,ϕ .
For each e ∈ E(U ), choose and fix u e ∈ U and e ∈ F such that e = u e u −1 e , u −1 e u e e; u e = e = e (e ∈ F ).
We show that the mapping t e → u e t e (u e ϕ) −1 and the identity map on X together induce an inverse semigroup homomorphism ξ : S * U,ϕ → H F , that is we show that ξ maps relations in S * U,ϕ to relations that hold in H F . e 2 )ϕ = (e 1 e 2 )ϕ = ((e 1 e 2 )ϕ)ξ. and it follows that (t −1 e 1 t e 2 )ξ = ((e 1 e 2 )ϕ)ξ. These considerations show that all the relations in T , once rewritten in terms of X F , follow from T U and W F,U F in H F . Now consider a relation t −1 e 1 ut e 2 = uϕ from W , where uu −1 e 1 and u −1 u e 2 , u ∈ U, e 1 , e 2 ∈ E(U ). Consider t e 1 ξ = u e 1 t e 1 (u e 1 ϕ) −1 and t e 2 ξ = u e 2 t e 2 (u e 2 ϕ) − e 2 )ϕ = (e 1 ue 2 )ϕ = uϕ = (uϕ)ξ.
It clearly follows that (t −1 e 1 ut e 2 )ξ = (uϕ)ξ indeed holds in H F . This completes the check that ξ is a homomorphism. Let us now check that η and ξ are inverse to each other. Indeed, for x ∈ X we clearly have xηξ = x and xξη = x. Likewise, for e ∈ F we have t e ηξ = t e . Now consider any e ∈ E(U ); we have t e ξη = (u e t e (u e ϕ) −1 )η = u e t e (u e ϕ) −1 = u e u −1
e t e = et e = t e , using the relations t −1 e u e t e = u e ϕ and et e = t e , which hold in S * U,ϕ . This completes the proof that η and ξ are mutually inverse.
We now state and prove the main finite presentability result.
Theorem B Let S be a finitely presented inverse semigroup and let U, V be inverse subsemigroups of S, isomorphic via ϕ : U → V , that are order ideals in S. Then the HNN extension S * U,ϕ is finitely presented if and only if U is finitely J -dominated by a subset F ⊆ E(U ) such that the inverse subsemigroup U F is finitely generated.
Proof. Let the inverse semigroup S be given by the finite presentation Inv[X : R]. Assume that U is J -dominated by a finite subset F ⊆ E(U ), and that U F is generated by a finite set Y of words on X. As before, let X F = X ∪ {t e : e ∈ F }. Then by Proposition 2.3,
On the other hand, since W F,Y ⊆ W F,U F and since all relations in W F,U F are consequences of relations in
. Since F and Y are finite it is clear that the latter presentation is finite, hence S * U,ϕ is indeed finitely presented.
For the converse, suppose that S * U,ϕ is a finitely presented inverse semigroup. In particular, S * U,ϕ is finitely generated and so by Theorem A, there exists a finite J -dominant subset F ⊆ E(U ) of U . Then, by Proposition 2.3 S * U,ϕ = Inv[X F : R, T F , W F,U F ], where R and T F are finite sets of relations, but W F,U F is possibly infinite. Since S * U,ϕ is finitely presented by assumption, there exists a finite subset W 0 ⊆ W F,U F , such that
Consider the finite set
and let U 0 be the inverse subsemigroup of U generated by Y . Our aim is to show that U F is finitely generated by showing that U 0 = U F . By definition of U 0 , we clearly have U 0 ⊆ U F . For the reverse inclusion we need the following variation of the strong HNN embedability.
Lemma 2.4 Let e, f ∈ F and U e,f = {u ∈ U 0 : uu −1 e, u −1 u f }. Then, in S * U,ϕ , we have t −1 e St f ∩ S = t −1 e U e,f t f = U e,f ϕ.
Proof. Relations W F,U F imply immediately that t −1 e U e,f t f = U e,f ϕ and that t −1 e U e,f t f ⊆ t −1 e St f ∩ S. To prove the reverse inclusion we employ a technique used by Yamamura [10] . Let U 0 ϕ = V 0 and S be a copy of S with ι : S → S an isomorphism, let U 0 = U 0 ι. Since U 0 is an inverse subsemigroup of S, the amalgam K = S * V 0 =U 0 S can be considered. By a theorem of Hall [3] (see also [9] ), S and S are canonically embedded in K, that is we have embeddings ι 1 : S → K, ι 2 : S → K. Moreover by the strong amalgamation property of inverse semigroups [3] we have that
Then it is clear that ψ : Sι 1 → S ι 2 is an isomorphism; furthermore for all u ∈ U 0 , (uι 1 )ψ = (uι)ι 2 = (uϕ)ι 1 . It follows by identifying Sι 1 with S, that ψ| U 0 = ϕ| U 0 . Let K 1 be obtained from K by adjoining an identity to it, and form the Yamamura HNN extension
associating the subsemigroups (Sι 1 ) 1 and (S ι 2 ) 1 .
Next we show that the mapping t e → et and the identity map on S together induce an inverse semigroup homomorphism ν : S * U,ϕ → K * , that is we verify that ν maps relations in S * U,ϕ to relations that hold in K * . Let e, f ∈ F and u ∈ U e,f such that uu −1 e and u −1 u f :
(t e ν)(t
Therefore relations in R ∪ T ∪ W are indeed mapped onto relations that hold in K * . Let us now consider an arbitrary s ∈ t −1 e St f ∩ S, and write s = t −1 e zt f for some z ∈ S. Then in K * we have s = sν = t −1 ezf t ∈ t −1 eSf t ∩ S. By the above mentioned strong amalgamation property, we have that
h, so that the relation u 0 ϕ = (gt) −1 u 0 (ht) = t −1 u 0 t holds in K * . Now from t −1 ezf t = t −1 u 0 t and tt −1 = t −1 t = 1 it follows that ezf = u 0 . This, in turn, implies that u 0 u f ; in other words u 0 ∈ U e,f . Also, notice that ezf = u 0 is a relation between elements of S, and hence it also holds in S * U,ϕ . So, returning to S * U,ϕ , we have
e U e,f t f , completing the proof.
We are now in the position to prove the remaining inclusion U F ⊆ U 0 . Let u ∈ U F . Then there exist e, f ∈ F such that uu −1 e and u −1 u f . It follows that t −1 e ut f = uϕ holds in S * U,ϕ . Applying Lemma 2.4 we have that there exist u 0 ∈ U 0 such that uϕ = u 0 ϕ, and the contradiction u = u 0 ∈ U 0 follows, proving that U F = U 0 is indeed finitely generated.
Theorem B and its proof have the following intriguing consequence. Suppose S, U, V, ϕ are as in the Theorem and suppose that S * U,ϕ is finitely presented. Taking any finite J -dominant set F ⊆ E(U ), the HNN extension S * U,ϕ can be defined by Inv[X F : R, T F , W 0 ] where W 0 is a finite subset of W F,U F . But then the converse part of the proof of Theorem B shows how this presentation yields a finite generating set for U F . In other words if U F is finitely generated for some finite J -dominant subset F then U G is finitely generated for every finite J -dominant subset G. In fact, we can prove this in full generality removing the requirements that S be finitely presented, that U be an order ideal, and any mention of V . Proposition 2.5 Let S be an inverse semigroup and assume that the inverse subsemigroup U is finitely J -dominated. Then U F is finitely generated for some finite J -dominant set F if and only if U G is finitely generated for every finite J -dominant set G.
The proof is divided into the following two lemmas. Lemma 2.6 Let U F be finitely generated and g be an arbitrary idempotent of S. Then U F ∪{g} is finitely generated.
Proof. Assume that U F is generated by the finite set A. Let e ∈ F be such that g J e. Then there exist k, l ∈ U , such that g = kel = kell −1 ek −1 = kll −1 ell −1 k −1 , hence there exists v ∈ U such that g = vev −1 . From this we have that gv = ve = gve. We claim that U F ∪{g} is generated by A ∪ {gve}. Let s ∈ U F ∪{g} . The following four cases are to be considered.
(i) The case when s ∈ U F is straightforward.
(ii) Assume that ss −1 , s −1 s g.
(iii) Assume that ss −1 g and s −1 s f for some f ∈ F . Then s = gsf = v(ev −1 · sf ). Since ev −1 sf ∈ U F , there exist a 1 , . . . , a k ∈ A ∪ A −1 such that ev −1 sf = a 1 . . . a k . From this we have that s = ve · a 1 . . . a k = gve · a 1 . . . a k .
(iv) The case when s −1 s g and ss −1 f for some f ∈ F can be proved similarly as (iii).
Lemma 2.7 Assume that U F is finitely generated and that for some g ∈ F , G = F \ {g} is also J -dominant in U . Then U G is finitely generated.
Proof. Let U F be generated by the finite subset A which we may assume, without loss of generality, is closed under taking inverses. There exists e ∈ F \ {g} for which g J e, and hence g = vev −1 for some v ∈ U . Let A denote the set of elements of A for which aa −1 g and for which there is no other j ∈ F \ {g} such that aa −1 j; also let A = (A ) −1 . Notice that if a ∈ A then a = ga, while if a ∈ A , then a = ag. LetB = A \ (A ∪ A ). We show that U G is generated by
then substitute a i by ga i ; if a i ∈ A , then substitute a i by a i g; and if a i ∈ A ∩ A , then substitute a i by ga i g. Consider now all subwords w of the form a i−1 a i ga i+1 g . . . ga m−1 ga m a m+1 . These subwords can be written in terms of B, since
It follows that s can be written in terms of B, hence U G is generated by B.
We conclude this section by formulating Theorem B in the special case when E(U ) satisfies the maximum condition. Recall that we say that E(U ) satisfies the maximum condition if U has finitely many maximal idempotents F = {f 1 , f 2 , . . . , f m } and for every idempotent e ∈ E(U ) there exists f i ∈ F such that e f i . Note that in this case F is also a finite J -dominant subset and U F = U holds, and so we may conclude:
Corollary 2.8 Let S be a finitely presented inverse semigroup and let U, V be inverse subsemigroups of S, isomorphic via ϕ : U → V , that are order ideals in S. Assume that E(U ) satisfies the maximum condition. Then the HNN extension S * U,ϕ is finitely presented if and only if U is finitely generated.
Examples
Here we provide four examples of HNN extension of inverse semigroups.
1. Let B be the bicyclic monoid, considered as the set N × N with binary operation (m, n)(p, q) = (m − n + max(n, p), q − p + max(n, p)). Now B is presented as an inverse semigroup by B = Inv[a : a = a 2 a −1 ], where a = (0, 1). Let U = B and V = {(m, n) : m, n > 0} with ϕ : U → V the shift map (p, q) → (p + 1, q + 1), so that aϕ = a −1 a 2 . It is clear that U = B is J -dominated by the identity element 1 = (0, 0), and that U {1} = B is finitely generated. Hence the HNN extension B * B,ϕ is finitely presented. It is easy to check that
gives a presentation.
2.
With B as before, suppose now that
. It is clear that U is finitely J -dominated by the identity element 1 = (0, 0) of U , but U {1} = U is not finitely generated.
Hence we may conclude that the HNN extension B * U,ϕ is finitely generated but not finitely presented.
3.
In this example we construct a finitely presented HNN extension S * U,ϕ , with U not finitely generated. Let S = Inv[a, e : aa −1 = 1, ae = 0, e 2 = e] considered as a semigroup with 0. It can be verified that {a −i a j , a −i ea j : i, j ∈ N} ∪ {0} is a set of normal forms for S. Consider the inverse subsemigroup U = {a −i ea j : i, j ∈ N} ∪ {0} of S , together with the identity isomorphism ι : U → U . We observe that U is isomorphic to the infinite aperiodic Brandt semigroup, and hence U is J -dominated by any of its idempotents. Let F = {a −i ea i }. Then U F = {a −i ea i , 0} is finite, so certainly finitely generated, and it follows that the HNN extension S * U,ι is finitely presented. However, the associated inverse subsemigroup U is not finitely generated.
4. Our final example shows that the maximum condition on E(U ) is essential in Corollary 2.8. We give an example of a finitely presented HNN extension of a finitely presented inverse semigroup S, where the associated subsemigroups contain finitely many maximal idempotents, but do not satisfy the maximum condition and are not finitely generated. Let Then it can be verified that (i) {a i : i ∈ N}∪{b i : i ∈ N}∪{ab}∪{x i cy j : x, y ∈ {a, b} i, j ∈ N} are normal forms for T ,
(ii) E(T ) is an infinite chain with an identity element adjoined on top:
. . . < b 2 ca 2 < bca < c < acb < a 2 cb 2 < . . . < 1, (iii) the H-class H 1 of 1 is the infinite cyclic group, (iv) K = T \ H 1 is a bisimple aperiodic inverse subsemigroup of T , which is not finitely generated.
It follows from (ii) and (iv) that, for any e ∈ E(T ) \ {1}, the subsemigroup U e = {u ∈ U : uu −1 , u −1 u e} is isomorphic to the bicyclic monoid, and hence is finitely generated.
Take two copies T (1) and T (2) of T and let S be their 0-direct union. It is straightforward that S is finitely presented. Let f ∈ E(T (2) ) and let U be the 0-direct union of K with U f . Then U has one maximal idempotent f , and is not finitely generated since the subsemigroup K contains an infinite ascending chain of idempotents. Moreover since K is bisimple, for any e ∈ E(K), the idempotents e and f are J -maximal in U and U {e,f } = {u ∈ U : uu −1 , u −1 u e or uu −1 , u −1 u f } is isomorphic to the 0-direct union of two copies of the bicyclic monoid, and is finitely generated. It follows by Theorem B, that the HNN extension H = S * U,ι , where ι : U → U is the identity isomorphism, is finitely presented.
